The major obstacle in the design of materials with low lattice thermal conductivity is the difficulty in efficiently scattering phonons across the entire frequency spectrum. Using first principles calculations, we show that driving PbTe materials to the brink of the ferroelectric phase transition could be a powerful strategy to solve this problem. We illustrate this concept by applying tensile [001] strain to PbTe and its alloys with another rock-salt IV-VI material, PbSe; and by alloying PbTe with a rhombohedral IV-VI material, GeTe. This induces extremely soft optical modes at the zone center, which increase anharmonic acoustic-optical coupling and decrease phonon lifetimes at all frequencies. We predict that PbTe, Pb(Se,Te) and (Pb,Ge)Te alloys driven close to the phase transition in the described manner will have considerably lower lattice thermal conductivity than that of PbTe (by a factor of 2 − 3). The proposed concept may open new opportunities for the development of more efficient thermoelectric materials.
INTRODUCTION
The efficient control of thermoelectric energy conversion processes is highly desirable as nearly 60% of all energy consumed worldwide is wasted in the form of heat [1] . Low thermal conductivity, together with high electrical conductivity and Seebeck coefficient, leads to a high thermoelectric figure of merit ZT of a material [2] [3] [4] [5] . In semiconducting materials, heat propagates mostly via phonons with mean free paths ranging from the nm to µm scale [5] [6] [7] . This poses a serious issue for design efforts to suppress heat conduction over all relevant length scales. It is particularly difficult to prevent the propagation of low-frequency phonons with long mean free paths that carry a significant amount of heat [6, 7] .
The challenge of engineering efficient phonon scattering across the entire spectrum was tackled recently by fabricating complex PbTe and related IV-VI materials with multi-scale hierarchical design [8] [9] [10] [11] [12] . The combined action of mesoscale grain boundaries that scatter low-frequency phonons, and nanoscale precipitates and atomic disorder that affect mid-and high-frequencies, decreased the lattice thermal conductivity κ of PbTe by a factor of 2 − 3, and raised its ZT above the target value of 2 [8, 10, 12] . Optimization of an all-scales design could result in further κ reductions, since nanostructured PbTe without mesoscale grain boundaries can exhibit 4 − 5 times lower κ than that of PbTe [4, 13, 14] . However, the electrical conductivity and Seebeck coefficient may be negatively affected in that process due to enhanced electron scattering at the interfaces [8, 10, 13, 14] . It is thus desirable to establish alternative concepts to realize efficient phonon scattering in PbTe and related materials throughout the spectrum without degrading their electronic thermoelectric properties.
In this paper, we propose a strategy that could enable effective phonon scattering in the whole spectrum of PbTe materials, and which does not rely on the concept of nanostructuring. It is well known that PbTe crystallizes in the rock-salt structure, and it is energetically close to the ferroelectric phase transition to the rhombohedral structure, which corresponds to the frozen-in atomic motion of the transverse optical (TO) mode along [111] direction [15] . Consequently, TO phonons have relatively low frequencies at the zone center (≈ 1 THz), and interact strongly with acoustic modes [16] [17] [18] . These effects lead to unusually small lifetimes of TO and acoustic modes, and exceptionally low κ [18] . These properties of PbTe give rise to the idea that if the proximity to the transition and the anharmonic acoustic-TO interaction could be enhanced, the phonon lifetimes and the κ values may become considerably lower than those of PbTe. Although the sensitivity to the volume changes of the calculated TO modes and the κ of PbTe has been reported [16, [19] [20] [21] , the thermal transport properties of PbTe materials near the ferroelectric phase transition, and specific proposals how to achieve them, have never been investigated.
Here we show from first principles that efficient scattering for all phonon frequencies can be achieved by driving PbTe and its alloys to the verge of the ferroelectric phase transition. This can be induced by applying tensile [001] strain to PbTe or its alloys with another rock-salt IV-VI material, such as PbSe. We also present an alternative route to drive PbTe materials near the ferroelectric transition without using strain: alloying of PbTe with a rhombohedral IV-VI material, such as GeTe. Enhanced phonon scattering across the spectrum in all these materials arises due to the TO softening associated with the increased proximity to the phase transition, which causes much stronger anharmonic acoustic-TO interaction than in PbTe and Pb(Se,Te) alloys. In addition to this key effect, alloy disorder further scatters highfrequency phonons in (Pb,Ge)Te and strained Pb(Se,Te) alloys near the phase transition, similarly as in Pb(Se,Te) alloys [22] . As a result, the lattice thermal conductivity of PbTe, Pb(Se,Te) and (Pb,Ge)Te alloys tuned to the close proximity of the phase transition as described will be significantly decreased compared to PbTe (by a factor of 2 − 3). Conductivity reductions of this magnitude would be comparable to those measured in all-scale structured materials with record ZT values [8, 10] .
The proposed concept is general, and it would also be applicable to other materials close to soft zone center optical mode transitions. It can be achieved by using strain, alloying, and possibly also by nanostructuring. Our proposal may be realized experimentally, for example, by metastable growth of (Pb,Ge)Te solid solutions [23] , or by depositing a thin film of PbTe or Pb(Se,Te) alloys on a flexible polymer substrate [24, 25] , and applying tensile [001] strain directly to the polymer.
METHODOLOGY
We calculate the lattice thermal conductivity without any adjustable parameters, using density functional theory (DFT) [26] combined with the Boltzmann transport equation in the relaxation time approximation (BTE-RTA) [27] . This approach and its variations have been successful in reproducing measured κ for a number of materials so far [6, 7, 18, 28, 29] . It can thus be considered as a good predictive tool in designing new materials with tailored thermal properties. In our implementation, harmonic and third order anharmonic interatomic force constants (IFCs) at 0 K were calculated from Hellman-Feynman forces using a real-space finite difference supercell approach [6] and the Phono3py code [30, 31] . All DFT calculations were carried out using the abinit code [32] , and employing the local density approximation (LDA) and Hartwigsen-Goedecker-Hutter norm-conserving pseudopotentials [33] . Forces were computed on 216 atom supercells, using an energy cut-off of 15 Ha and 4 shifted 2 × 2 × 2 reciprocal space grids for electronic states. More calculation details are given in the Supplemental Material [34] .
Within the BTE-RTA framework, the lattice thermal conductivity (for simplicity, thermal conductivity from here on) is given by [27] :
where (q,s) denotes a phonon mode with reciprocal space vector q and branch index s, ω q,s is its frequency, c q,s the heat capacity, v q,s = dω q,s /dq the group velocity, and τ q,s the lifetime. V is the primitive cell volume and N q is the q point grid size (we used 40 × 40 × 40 grids). We calculated anharmonic phonon lifetimes using Fermi's Golden Rule and taking into account the contribution of three-phonon scattering processes [27] . Details of our BTE-RTA implementation are described in Refs. [35, 36] . We also verified the applicability of this approach in describing the κ of PbTe (see Supplemental Material [37]). We treated Pb(Se,Te) and (Pb,Ge)Te alloys using the virtual crystal approximation, and accounted for mass disorder perturbatively, via an effective lifetime [7, 22] , which was then combined with the threephonon lifetimes using Mattheisen's rule. Treating disorder in the force constants on the same footing as mass disorder in the BTE-RTA κ calculations is a challenging problem [36, 38] , and it was not pursued in this work. Therefore, the ratios of κ between PbTe and alloyed materials obtained here should be interpreted as the lower limit to their actual values [39] .
PBTE MATERIALS DRIVEN NEAR THE FERROELECTRIC PHASE TRANSITION
Strained PbTe. To determine the amount of strain which will push PbTe to the verge of the phase transition, we calculated the TO phonon frequencies at the zone center as a function of [001] strain. Strain was simulated by constraining the lattice constant a in the [100] and [010] direction, and relaxing the lattice constant a ⊥ in the [001] direction. The amount of strain is defined as η = (a − a 0 )/a 0 , where a 0 is the equilibrium lattice constant of PbTe obtained from DFT relaxation. Since [001] strain reduces the symmetry of the rock-salt structure to tetragonal, the degeneracy of the two TO modes is lifted. (Strictly speaking, these modes do not have pure TO character, but for simplicity, we will use this term in the rest of the paper). We found that η = 1.15% will soften one of the TO modes from the equilibrium value of ∼ 1 THz down to ∼ 0.1 THz, and consequently bring PbTe close to the phase transition. This is illustrated in Fig. 1 (a) that compares the phonon band structures of PbTe (solid black lines) and strained PbTe at the verge of the phase transition (dotted red lines) along high symmetry lines for the cubic symmetry. The other TO mode will also become softer due to applied strain, but to a lesser extent. The frequencies of the optical modes in strained PbTe close to the zone center show directional dependence, which is a consequence of the non-analytic nature of the ion-ion interaction [40] .
Strained Pb(Se,Te) alloys. PbSe x Te 1−x alloys can be tuned near the phase transition in a similar manner as PbTe, by changing the amount of applied tensile [001] strain. Since these alloys are formed by mixing of two rock-salt materials, their TO frequencies are bounded by those of PbTe and PbSe (1 THz and 1.2 THz, re- spectively). Subsequently, they cannot be driven to the phase transition by changing the alloy composition, and they need to be strained to achieve this effect. Here we focused on the x = 0.5 composition since it has the lowest κ [22] , but the same strategy can be applied to any other composition. Our calculations show that an extremely soft TO mode can be induced in PbSe 0.5 Te 0.5 using tensile [001] strain of η = 1.32%, see Fig. 1 
(b).
(Pb,Ge)Te alloys. The proximity to the ferroelectric phase transition of PbTe materials can be dramatically increased not only by applying strain to PbTe and its alloys with other rock-salt IV-VI materials, but also by alloying PbTe with other rhombohedral IV-VI materials, e.g. GeTe. (Pb,Ge)Te alloys are markedly different from Pb(Se,Te) alloys because they undergo the ferroelectric phase transition from the rhombohedral to the rock-salt structure with temperature [23] . Consequently, their proximity to the phase transition and softening of TO modes can be dramatically increased by varying the alloy composition and temperature, unlike in the case of Pb(Se,Te). The temperature at which the transition between the two phases occurs in Pb 1−x Ge x Te alloys decreases as the Ge content decreases, from ∼ 670 K at x = 1 down to 0 K at x ≈ 0.01 [23] .
The temperature that brings Pb 1−x Ge x Te alloy near the phase transition for any composition x > 0.01 could be determined by computing the temperature dependence of the TO frequencies at the zone center. Conversely, one could determine the amount of Ge that drives Pb 1−x Ge x Te close to the transition for any temperature T < 670 K by calculating the same frequencies as a function of the alloy composition. Our approach, however, cannot capture the temperature effects on phonon frequencies due to the zero temperature representation of structural properties and IFCs. Nevertheless, it should describe well the qualitative changes of the κ of Pb 1−x Ge x Te alloys at the brink of the phase transition with respect to that of PbTe as argued in the following. Our calculations show that varying the alloy composition within our model does induce the ferroelectric phase transition. We find that degenerate TO modes of Pb 1−x Ge x Te become much softer than those of PbTe and Pb(Se,Te) alloys (∼ 0.1 THz) for the alloy composition of x = 0.49, as shown in Fig. 1 (c) . Since the transition temperature of Pb 0.51 Ge 0. 49 Te is ∼ 450 K [23] , such phonon band structure and the associated transitions should describe reasonably well the κ of Pb 0.51 Ge 0. 49 Te alloy close to that temperature.
IMPACT ON PHONON LIFETIMES
Strained PbTe. The strain-engineered phonon band structure of PbTe that maximizes the TO(Γ) softening decreases the phonon lifetimes τ roughly by a factor of ∼ 2 with respect to PbTe throughout the spectrum. This is shown in Fig. 2 (a) and its inset, which represent the anharmonic (three-phonon) lifetimes at 300 K and their averaged values over frequency, respectively. Remarkably, the lifetimes of strained PbTe are smaller than those of PbTe even for low frequency phonons that are difficult to scatter with commonly used strategies to reduce κ, such as nanostructuring. Recently, it has been argued that low frequency phonons were efficiently scattered in multiple-scales structures by mesoscale grain boundaries [8] [9] [10] [11] . Our strategy achieves the same effect without any need for complex hierarchical design.
The large decrease in the phonon lifetimes of PbTe driven to the phase transition via strain is a direct consequence of the softening of TO modes and their increased anharmonic coupling with acoustic modes. To demonstrate this effect, we computed the acoustic-TO contribution to the total linewidth (inverse of the lifetime) for all frequencies by accounting for the triplets of interacting states that contain at least one acoustic and one TO mode. For each wave vector, we labeled the two lowest phonon modes as transverse acoustic (TA) modes, and the highest mode as longitudinal optical (LO) mode. Since the ordering of TO and longitudinal acoustic (LA) modes changes throughout the Brillouin zone in all the materials considered (see Fig. 1 ), we distinguished between them using the following procedure. We determined which one of those three states is mostly longitudinal by projecting their eigenvectors onto the corresponding wave vector, and classified it as LA mode, while the other two states were labeled as TO modes. We found that the acoustic-TO contribution to the linewidth dominates over the other contributions in both equilibrium and strained PbTe across the spectrum. It accounts for ∼ 70% of the linewidth of acoustic and LO modes (except for the ∼ 2 − 3 THz range), and for nearly 100% of the linewidth of TO modes (see Supplemental Material [37]). Furthermore, by straining PbTe near the phase transition, the acoustic-TO contribution to the linewidth typically increases by a factor of 2 − 3 throughout the spectrum, and up by a factor of 10 − 100 for some frequencies (see Supplemental Material [37]). We conclude that extremely soft TO modes generated by strain considerably increase the anharmonic acoustic-TO interaction, which in turn substantially reduces the phonon lifetimes.
Both the increased phase space and coupling strength are responsible for the increase of the acoustic-TO contribution to the total linewidth by applying strain to PbTe. The phase space for the three-phonon scattering is related to the energy and momentum conservation of these processes [41] . The coupling strength can be quantified using the expression for the three-phonon linewidth without the energy conservation terms [6] . Our analysis of the phase space and the coupling strength associated with the acoustic-TO interaction similar to that for the linewidths shows that they both increase by straining PbTe, and thus lead to the increase of the acoustic-TO contribution to the linewidth.
We also found that a relatively small number of soft TO modes near the zone center that interact strongly with acoustic modes play a disproportionally large role in determining the total linewidth of PbTe strained near the phase transition. To illustrate this, we calculated the contribution to the anharmonic linewidth due to the coupling of acoustic modes with the TO modes within the sphere centered at Γ with the radius of 1/3 of the Γ-X distance (∼ 1/27 volume of the Brillouin zone), here labeled as TO 1 modes. They represent only ∼ 1.3% of the total number of modes, and the channels that involve both acoustic and TO 1 modes contribute only ∼ 3% to the total scattering phase space across the spectrum. In contrast, our calculations show that the anharmonic acoustic-TO 1 interaction has a comparatively much larger effect on the linewidth in strained PbTe, as a result of the large coupling strength. The acoustic-TO 1 contribution accounts for ∼ 20 − 30% of the linewidth throughout the spectrum, and for ∼ 100% of the linewidth of TO 1 modes (see Supplemental Material [37]). Additionally, by driving PbTe near the phase transition via strain, the acoustic-TO 1 contribution to the linewidth typically increases by a factor of 2−3 across the spectrum, and up by a factor of 10 2 − 10 7 for some frequencies (see Supplemental Material [37]). These findings reveal an important contribution of ultra soft TO modes near Γ in increasing the anharmonic acoustic-TO interaction and reducing the phonon lifetimes in strained PbTe.
Strained PbSe 0.5 Te 0.5 alloy. The anharmonic lifetimes of PbSe 0.5 Te 0.5 alloy driven near the phase transition via strain are also significantly reduced with respect to those of PbSe 0.5 Te 0.5 , see Fig. 2 (b) . A similar analysis as in the case of strained PbTe shows that the softer TO modes and the stronger acoustic-TO/TO 1 interaction in strained PbSe 0.5 Te 0.5 are the main reason for the considerable decrease of its anharmonic lifetimes with respect to PbSe 0.5 Te 0.5 . Strained PbSe 0.5 Te 0.5 alloys provide an additional advantage for enhanced phonon scattering compared to strained PbTe. Mass disorder scatters high-frequency phonons more efficiently than the threephonon interaction, similarly as in PbSe 0.5 Te 0.5 [22] Fig. 1 (c) ), which leads to their similar acoustic-TO and three-phonon contributions to τ . The later effect is illustrated in Fig. 2 (c) that compares the anharmonic lifetimes of PbTe (black pluses) and PbSe 0.5 Te 0.5 (blue circles). In sharp contrast, Pb 0.51 Ge 0. 49 Te alloy is energetically much closer to the phase transition, which results in its much lower TO frequencies near the zone center (Fig. 1 (c) ) and reduced anharmonic τ across the spectrum and particularly at low frequencies (red crosses in Fig. 2 (c) ). This finding further confirms that extremely soft TO modes near Γ have a highly beneficial role in effective scattering of a wide range of phonon frequencies. The analysis of the acoustic-TO/TO 1 contributions to the anharmonic linewidth of Pb 0.51 Ge 0. 49 Te with respect to PbTe shows that their increase is indeed responsible for the reduced τ in Pb 0.51 Ge 0.49 Te (see Supplemental Material [37]), largely due to the increased coupling strength. As in strained PbSe 0.5 Te 0.5 , mass disorder in Pb 0.51 Ge 0. 49 Te alloy is more efficient in scattering highfrequency phonons than the phonon-phonon interaction, which results in an additional τ decrease (see Supplemental Material [37]).
IMPACT ON THERMAL CONDUCTIVITY
Strained PbTe. A factor of ∼ 2 reduction of the phonon lifetimes at all frequencies in PbTe strained near the phase transition leads to the reduction in the out-of-plane thermal conductivity by a factor of 1.5 with respect to equilibrium. This is represented in Fig. 3 (a) for the temperature range 100 − 600 K, where solid black and dotted red lines correspond to the κ of equilibrium and straindriven PbTe, respectively. The difference in the τ and κ reductions is due to the larger group velocities of some of the phonon modes in strained PbTe. Interestingly, in the in-plane direction, this difference becomes very small and the κ decreases by a factor of 1.9. We also computed the out-of-plane κ dependence on the amount of [001] strain, see Fig. 3 (b) for 300 K. The κ decrease directly correlates with the TO(Γ) softening shown in the inset, in agreement with our conclusion that softer TO modes lead to more effective phonon scattering.
The efficiency of the proposed concept in reducing the thermal conductivity of PbTe is comparable to that of alloying with PbSe. Our computed κ of PbSe 0.5 Te 0.5 (dashed green line in Fig. 3 (a) ) is also a factor of 1.5 lower than that of PbTe, in agreement with a previous calculation [22] . Accounting for disorder in the force constants would increase the value of this factor [36, 38, 39] closer to experiments (∼ 2 at 300 K [42, 43] ). We emphasize that two very different mechanisms cause the low κ in these two types of materials. Strained PbTe benefits from the enhanced anharmonic acoustic-TO interaction across the spectrum, while alloy disorder in PbSe 0.5 Te 0.5 blocks the flow of high-frequency phonons only.
The low thermal conductivity of strained PbTe originates from the softer TO modes near the zone center and their increased anharmonic interaction with acoustic modes with respect to equilibrium. To illustrate this effect more quantitatively, we artificially replaced the acoustic-TO 1 contribution to the total linewidth of strained PbTe with that of PbTe in its κ calculation at 300 K. The κ values obtained using this procedure are ∼ 7% larger than those of strained PbTe. This result shows that TO 1 modes, which contribute only ∼ 1.3% to the total number of modes but interact strongly with acoustic phonons, produce a much stronger effect on the κ than one would expect from their relative number.
Strained PbSe 0.5 Te 0.5 alloy. The strategy of exploiting extremely soft TO modes to reduce the thermal conductivity of PbTe will become as effective as all-scale structuring [8, 10, 12] if it is combined with alloying. This approach simultaneously incorporates the mechanisms of enhanced anharmonic acoustic-TO interaction and alloy disorder to reduce κ more effectively. We find that driving PbSe 0.5 Te 0.5 to the brink of the phase transition via tensile [001] strain will reduce its out-of-plane κ by a factor of at least 2.4 with respect to PbTe (dash-dotted blue line in Fig. 3 (a) ). If we neglect mass disorder in our calculations, the κ of strained PbSe 0.5 Te 0.5 is 1.5 times lower than that of PbTe (similarly to strained PbTe) due to the increased acoustic-TO interaction. However, mass disorder is more efficient in scattering high-frequency phonons of strained PbSe 0.5 Te 0.5 , and causes an additional κ decrease by a factor of 1.6 compared to its values without mass disorder. The actual κ reduction of strained PbSe 0.5 Te 0.5 with respect to PbTe will be even larger than the factor of 2.4 computed here, due to disorder in the force constants [39] .
Pb 0.51 Ge 0. 49 Te alloy. The concept of combining ultra soft TO modes and alloying to substantially reduce the thermal conductivity of PbTe can also be realized without strain e.g. by tuning the composition of Pb 1−x Ge x Te alloys to bring them near the phase transition at desired temperatures. These conditions can be achieved only in alloys of PbTe with another rhombohedral material, such as GeTe. As already discussed, Pb 0.51 Ge 0.49 Te alloy remains close to the transition at all temperatures in our calculations, thus describing the κ appropriately only near the transition temperature of ∼ 450 K [23] . Our results show that the κ of Pb 0.51 Ge 0. 49 Te alloy (dashdouble dotted purple line in Fig. 3 (a) ) will be at least 2.9 times lower than the κ of PbTe at 450 K, and even lower than that of strained PbSe 0.5 Te 0.5 .
The very low thermal conductivity of Pb 0.51 Ge 0.49 Te alloy stems from both the increased anharmonic acoustic-TO interaction and strong alloy scattering. Fig. 3 (c) and its inset show the κ values and the TO(Γ) frequencies of Pb 1−x Ge x Te alloys at 450 K as a function of the alloy composition x for 0 ≤ x ≤ 0.49 (black crosses). This figure also shows the corresponding κ computed by neglecting mass disorder (red circles). We note that if soft TO modes were not induced in Pb 1−x Ge x Te alloys, their κ without mass disorder would roughly be equal to the linearly interpolated values between the κ's of their parent materials PbTe and GeTe, as e.g. in the case of Pb(Se,Te). The interpolated values between our calcu-lated κ for PbTe and GeTe at 450 K are shown in dashed green line in Fig. 3 (c) [44] . The increased TO softening in Pb 1−x Ge x Te with x leads to the larger reduction of the κ values that neglect mass disorder with respect to the interpolated values, by up to a factor of 1.6 for x = 0.49. Additionally, the relatively large mass difference between Pb and Ge atoms results in a large κ decrease with respect to the case when mass disorder is neglected, by up to a factor of 2.6 for Pb 0.51 Ge 0.49 Te [45] . We conclude that the extra softening of TO modes in Pb 1−x Ge x Te alloys with respect to PbTe together with strong mass disorder makes them more suitable materials for achieving low κ compared to PbSe x Te 1−x alloys.
The group velocities of acoustic modes in Pb 1−x Ge x Te alloys increase considerably as the Ge content increases, unlike the group velocities of PbTe and PbSe 0.5 Te 0.5 with the increasing amount of tensile [001] strain (see Fig. 1 ). This is the reason why the κ of Pb 1−x Ge x Te without mass disorder does not decrease monotonously with x, as opposed to the κ of increasingly strained PbTe, see Similarly to strained PbTe, a small number of soft TO modes close to the zone center, which interact more strongly with acoustic modes as Pb 1−x Ge x Te alloys are driven to the phase transition by increasing x, have a relatively large effect on their thermal conductivity. We quantify this by substituting the acoustic-TO 1 contribution to the total anharmonic linewidth of Pb 0.51 Ge 0. 49 Te with that of equilibrium PbTe in its κ calculation that neglects mass disorder. This results in the ∼ 18% larger value at 300 K than that of Pb 0.51 Ge 0.49 Te, which is even larger than the corresponding increase in strained PbTe.
DISCUSSION
We analyzed the limiting cases where PbTe based materials with the rock-salt and tetragonal structures are driven close to the ferroelectric phase transition, with the goal of evaluating the largest thermal conductivity reductions that could be obtained using this strategy. Since the transition from the rock-salt to the rhombohedral structure is nearly the second order phase transition [46] , further increases of the Ge content in Pb 1−x Ge x Te above x = 0.49 should only increase the thermal conductivity. We also note that the mechanical stability of the tensile strained materials very near the transition may be compromised. Nevertheless, the proposed concept will hold even if the materials are not strained very close to the transition, although their κ reductions will be smaller, as illustrated in Fig. 3 (b) .
Even if higher order anharmonicity terms were nonnegligible for PbTe materials driven to the transition, the proposed concept would remain valid. However, the κ reductions would be lower than our results, particularly at higher temperatures. The main implication of higher anharmonic terms on the thermal properties of PbTe is shifting the TO modes upwards (resulting in the well known TO frequency increase with temperature) [17, 20, [47] [48] [49] . This will weaken the anharmonic acoustic-TO interaction, which may result in somewhat higher κ values than those predicted here. This effect may become more evident for T > 300 K in the case of PbTe [20] , and it may manifest at even lower T for the materials near the phase transition. Consequently, the actual κ reduction may decrease with T with respect to our calculations.
Experimentally, Pb 0.51 Ge 0.49 Te undergoes the phase transition from the rhombohedral to the rock-salt structure at ∼ 450 K [23] , while it is rock-salt for all temperatures in our calculations. Higher order anharmonicity terms would further stabilize the rock-salt structure in our virtual crystal simulations [20] , which indicates that using an alloy model beyond this approximation may be necessary to accurately describe the temperature behavior of the κ of Pb 0.51 Ge 0. 49 Te. This, however, will not change the main implication of our work that tuning the composition of Pb 1−x Ge x Te alloys to drive the material near the phase transition at a certain temperature will substantially decrease its κ at that temperature. The measured κ values of some of the (Pb,Ge)Te materials reported in Ref. [50] indeed exhibit pronounced dips near the phase transition temperature, and thus support our argument.
Low thermal conductivity and high figure of merit have been recently reported in (Pb,Ge)Te materials with phase separated regions and nanoscale features [51] [52] [53] . Since no dips in the κ values close to the transition temperature have been observed in these materials, their κ reduction is likely dominated by phonon scattering at the interfaces. Our study shows that substantial κ reductions can also be obtained in random (Pb,Ge)Te alloys without any phase separation, which may also be beneficial for electronic transport properties. More systematic studies across all compositions could resolve whether random alloys would be more efficient thermoelectric materials than nanostructured/phase separated materials for certain composition ranges.
ELECTRONIC PROPERTIES
Driving PbTe materials near the ferroelectric phase transition via strain could preserve their high electrical conductivity and Seebeck coefficient while suppressing the thermal conductivity. Our DFT calculations show that tensile [001] strain of η ∼ 1% does not change appreciably the electronic band structure close to the conduction/valence band minimum/maximum. Symmetry analysis [54] and our density functional perturbation theory [55] calculations show that the electron-phonon matrix elements for the conduction band maximum or the valence band minimum with TO modes at Γ are zero. This indicates that the electronic transport properties of PbTe strained close to the phase transition may not be deteriorated by the TO softening.
Driving (Pb,Ge)Te and strained Pb(Se,Te) alloys close to the phase transition could also be beneficial for their electronic transport properties and thermoelectric figure of merit. It has been recently demonstrated that tuning the alloy composition of PbSe x Te 1−x alloys to align the two topmost valence band maxima at a desired temperature increases their electronic conductivity and Seebeck coefficient [56] . This effect combined with the low κ of PbSe x Te 1−x alloys leads to significantly increased ZT [56] . Such "valence band convergence" mechanism also appears to be responsible for high ZT of Pb 0.13 Ge 0.87 Te nanostructured materials [51] . These observations suggest that the band convergence concept may also be realized in both Pb(Ge,Te) and strained Pb(Se,Te) alloys driven to the brink of the phase transition, and result in high ZT values. The proposed strategy to reduce the thermal conductivity of PbTe materials could also be combined with other advanced concepts that improve their electronic transport properties and increase the figure of merit e.g. creating distortions of the electronic density of states close to the Fermi energy via resonant impurity levels [57] .
SUMMARY
We predict that driving PbTe materials to the verge of the ferroelectric phase transition via tensile [001] strain or alloying will be an effective strategy to impede phonon flow in the entire spectrum, and thus to considerably reduce the lattice thermal conductivity. The proposed concept is based on the induced softening of the transverse optical modes at the zone center, whose increased anharmonic interaction with acoustic modes enhances phonon scattering. Our first principles calculations show that the efficiency of this approach in reducing the lattice thermal conductivity of Pb(Se,Te) and (Pb,Ge)Te alloys could be comparable to that of all-scale hierarchical architecturing [8] . The presented strategy is general, and it would also be applicable to other materials close to soft zone center optical mode transitions. Indeed, a very recent study [58] argued that a similar effect is responsible for the low thermal conductivity of another high-performing thermoelectric material, SnSe [59] .
